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Abstract
Let G be any group with n elements, where n is a power of a prime or any product of prime
powers, not divisible by 4. In this paper we %nd all nonisomorphic rings with its group of units
isomorphic to G and also %nd all groups G with n elements which can be groups of units of
a %nite ring. We say that a group G is indecomposable, if we cannot write G=HK for some
proper, nontrivial subgroups H and K . We %nd all %nite rings with indecomposable, solvable
group of units and %nd all %nite rings with G=1+J , where J is the Jacobson radical of R. These
results are obtained through a study of p-rings and idempotents in rings yielding decompositions
of rings and decompositions of groups of units of rings into product of subgroups. c© 2002
Elsevier Science B.V. All rights reserved.
MSC: 16D70; 16N20; 16N40; 16U60
1. Introduction
In this paper let R denote a %nite ring with identity 1 =0 and let |R| denote the
number of elements of ring R. We denote the group of units of R by G and the
Jacobson radical of R by J . The ring of integers modulo the number n will be denoted
by Zn, and Mn(S) will denote the n × n matrix ring over S. The reader is assumed
familiar with the theory of %nite rings (as presented in [2]).
Firstly, we %nd all %nite rings R with group of units G having an odd number of
elements. We prove that R is a direct sum of %nite %elds GF(2n) and G is a direct
sum of additive groups of integers modulo 2n − 1.
We then examine all %nite rings R which have exactly qk units for an arbitrary
prime q and integer k. We prove that for q=2, the ring R is a direct sum of local
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rings, %elds Z2, rings isomorphic to a matrix ring where every matrix has only one
nondiagonal element and rings where the group of units is a product of its two proper
subgroups. We prove that in case G is solvable and indecomposable (meaning it cannot
be written as a product of two proper, nontrivial subgroups), then either R is a %eld,
a local 2-ring with R=J isomorphic to the %eld Z2, or G is isomorphic to the additive
group Z2n for some n and R is isomorphic to a speci%c 2× 2 matrix ring.
Next, we examine rings which have 2kpk11 p
k2
2 : : : p
kl
l units, where pi are odd primes
and k6 2. We also classify all rings having G=1 + J .
2. Preliminaries
Let G be a group of units in a %nite ring R and J the Jacobson radical of R. Let
G1 denote the group of units of the ring R=J . The following lemma and corollary are
straight-forward.
Lemma 2.1. The element a∈R is a unit if and only if the element a + J ∈R=J is a
unit.
Corollary 2.2. |G|= |G1||J |.
Due to the following proposition we can now limit ourselves to the study of p-rings,
that is rings with pn elements for a prime p and an integer n.
Proposition 2.3. Any 4nite ring R is isomorphic to the direct sum of rings Rpi ; where
|Rpi |=pkii for some primes pi and integers ki. The group of units G is a direct
product of groups Gpi ; where Gpi is the group of units of the ring Rpi .
Proof. We take Rpi = {x∈R;pli x=0 for some integer l} and verify the assertions
directly.
Throughout this article we will make use of the following, well-known lemma.
Lemma 2.4. Let G be the group of units of a n×n matrix ring over the 4eld GF(pr).
Then the order of G is (prn − 1)(prn − pr) : : : (prn − p(n−1)r).
3. Groups of odd order
Let G be a group of units of the ring R and let the order of G be odd.
Theorem 3.1. Under the above assumptions the ring R is a 2-ring and is isomorphic
to the direct sum of 4elds GF(2ki) and its unit group G is isomorphic to the direct
sum of additive groups of integers modulo 2ki − 1.
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Proof. Let p be an odd prime and Rp be a p-ring. Let Jp denote the Jacobson radical
of Rp. The ring Rp=Jp is a semisimple ring, therefore a direct sum of complete matrix
rings over %nite %elds. The group of units of the ring Rp=Jp has an odd order which
yields that every direct summand is a %nite %eld GF(pk), but that is a contradiction
because the order of group of units of every such %eld, pk − 1, is an even number. It
follows that R is indeed a 2-ring.
The ring R must then be semisimple, because J is also a 2-ring. None of the sum-
mands can be a proper matrix ring due to the same argument as before. Therefore R
is a direct sum of %elds GF(2ki), which proves our theorem.
4. Groups of prime power order
Let the order of G be qk , where q is a prime and k an integer. Let R=Rp for a
prime p.
Proposition 4.1. If p = q then one of the following two statements holds:
1. The ring R is a direct sum of 4elds GF(2k); where k =1 or k is such an integer
that 2k − 1 is a power of q. The group G is a direct product of cyclic groups of
order ql for some l6 k.
2. The ring R is isomorphic to the direct sum of 4elds GF(2ti +1); where 2ti +1=pli
for an integer li. The group G is a 2-group isomorphic to the direct sum of additive
groups of integers modulo 2ti .
Proof. Since p = q; J is a p-ring and G a q-group, the ring R is semisimple and since
p divides the order of group of units of the proper matrix ring over the %eld GF(pl),
every direct summand is a %eld. We have qk =
∏
(pki − 1), which means that either
1. the prime q is odd and p=2, but then the order of ring R, 2t , is a product of
numbers 2ki − 1, which is only possible if ki =1 for every i, so |G|=1, but that is
a contradiction, or
2. we have q=2, so every summand must be a %eld GF(2ti + 1), where 2ti + 1=pli
for an integer li.
Thus the proposition is proved.
Let e be a nontrivial idempotent in the ring R, that is, e2 = e and e =0; 1. Let Ie
denote the idempotent 1− e.
Theorem 4.2. If G=1 + J then H = e+ IeG and K = Ie+ eG are subgroups of group
G and G=HK .
Proof. We have e + Ie(1 + j)= 1 + Iej∈ 1 + J =G and also (1 + Iej)−1 = 1 − Iej +
( Iej)2 − · · ·= e + Ie(1− j + · · ·), so H is closed for inverse. We conclude that H is a
group since (e+ Ie(1 + j1))(e+ Ie(1 + j2))= e+ Ie(1 + j1)(1 + Iej2)∈ e+ IeG. A similar
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argument also yields that K is a subgroup. Since G= eG+ IeG, we have |G|= |H ||K |,
but H ∩ K = {1}, because if ej2 = Iej1 we get ej2 = 0 by left multiplication with e, so
e + Ie(1 + j1)= Ie + e(1 + j2)= 1. Therefore, we see that G=HK .
Corollary 4.3. Let the order of G be qk ; where q is a prime and k an integer. Let
R=Rp for a prime p. If p= q then R=Rp is a 2-ring; the ring R=J is isomorphic
to the direct sum of 4elds Z2 and G=1+ J . One of the following statements holds:
1. The ring R is a direct sum of a local ring and t¿ 0 4elds Z2.
2. The ring R is a direct sum of a ring isomorphic to the ring
{[
b1 c
b2
]
; b1; b2 ∈Z2; c∈V
}
;
where V is a vector space over the 4eld Z2 and t¿ 0 4elds Z2.
3. The group G can be written as a product of its two proper subgroups; either e+ IeG
and Ie + eG; or e + G Ie and Ie + Ge; for a nontrivial idempotent e∈R.
Proof. If p= q then the group of units in R=J must be trivial, so the ring R=J is
isomorphic to the direct sum of n %elds with 2 elements and therefore p= q=2,
G=1 + J . If R is not a local ring then there exists a nontrivial idempotent e in R. If
e+ IeG and Ie+ eG are nontrivial groups then we can use the theorem. Otherwise, we
have n primitive orthogonal idempotents fi ∈R=J and we can lift them to n primitive
orthogonal idempotents in ei ∈R and we know that ei + eiG=1 for all but one of
the idempotents ei. We can always assume that e1 + e1G=G, so e1J = J and eiJ =0
for i¿ 1. Similarily, Jel= J for exactly one l, since e + G Ie is also a group and we
can also get the decomposition that way. If l=1 then eiRej ⊆ J = e1Je1 for every
i = j, so eiRej =0 for every i = j and we get R=
⊕n
i=1 eiRei, a direct sum of local
rings. We can therefore assume that J = e1Je2 = e1Re2. From [1, Lemma 2.4] we know
that eiRei=eiJei is isomorphic to Z2 for every i, but since eiJei =0, we have eiRei
isomorphic to Z2. The decomposition R= e1Re1 + · · ·+ enRen + e1Re2 now yields the
desired result and this concludes the proof of this corollary.
We now have the following corollaries.
Corollary 4.4. Let G have qn elements for a prime numer q and integer n. If q =2
then R is a direct sum of 4elds GF(2k); where k =1 or k is such an integer that
2k−1 is a power of q and the group G is a direct product of cyclic groups of order ql
for some l6 n. If q=2 then R is a direct sum of rings; where every direct summand
is isomorphic to one of the following rings:
1. The 4eld GF(2k + 1) for such k that 2k + 1 is a power of a prime.
2. The 4eld Z2.
3. A local 2-ring.
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4. The ring{[
b1 c
b2
]
; b1; b2 ∈Z2; c∈V
}
;
where V is a vector space over the 4eld Z2.
5. A 2-ring such that its group of units G can be written as a product of its two
proper subgroups; either e+ IeG and Ie+ eG or e+G Ie and Ie+Ge; for a nontrivial
idempotent e.
Proof. We can write the ring R as a direct sum of p-rings Rp, where the unit group
of each Rp has qj elements for some j¿ 0. If j=0, we have a semisimple ring with
one unit, Z2. The corollary now follows immediately from the previous theorem.
Corollary 4.5. Let G have exactly 2 elements. Then R is a direct sum of t¿ 0 4elds
Z2 and one of the following rings:
1. The 4eld Z3.
2. The ring Z4.
3. The ring{[
a b
a
]
; a; b∈Z2
}
:
4. The ring{[
b1 c
b2
]
; b1; b2; c∈Z2
}
:
Proof. From [3], we know that the only local 2-rings with the property |J |=2 are the
rings above in 2 and 3.
5. Indecomposable groups
Let R be a %nite ring and G its group of units.
De$nition 5.1. The group G is indecomposable if one cannot write G=HK for some
proper subgroups H and K of the group G.
Next, we shall examine the rings with indecomposable, solvable groups of units. It
has been shown in [3] that for example the group of units of a local ring is always
solvable.
Theorem 5.2. Assume that the group G is solvable. If G is indecomposable; then G
is a q-group for a prime number q and the ring R is isomorphic to the direct sum
R1 ⊕ R2; where R2 is a direct sum of rings Z2 and one of the following statements
holds:
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1. The ring R1 is isomorphic either to the 4eld GF(2n + 1) for some integer n such
that 2n + 1 is a power of a prime or to the 4eld GF(2n) for some n such that
2n − 1= qk = |G|.
2. The ring R1 is a local ring with 2n elements; and R=J is a 4eld with 2 elements.
3. The ring R1 is isomorphic to the ring{[
b1 c
b2
]
; b1; b2 ∈Z2; c∈Z2n
}
for an integer n.
Proof. If |G|=mn with (m; n)= 1, we know that G contains subgroups H and K of
orders m and n, respectively. Since H ∩ K is a trivial group, we can therefore write
G=HK and the indecomposability then implies that either m=1 or n=1. So, we can
assume that |G|= qn for some prime number q and therefore we can use Corollary
4.4. If R1 is local, then the group of units of the %eld R=J must be trivial, so R=J is a
%eld with 2 elements. If, on the other hand, R1 is the matrix ring de%ned in Corollary
4.4, it is obvious that J 2 = 0, so the multiplicative group G=1 + J is isomorphic to
the additive group J and this implies that G is a cyclic group with 2n elements (since
it has to be indecomposable).
6. Groups of order not divisible by 4
Throughout this section, let G be a group of units of a ring Rq for a prime q and
let |G|=2p11 p22 : : : pll for odd primes pi with pi =pj for i = j and l¿ 0.
Theorem 6.1. If q=2 then one of the following statements holds:
1. The ring R is isomorphic to a direct sum of t¿ 0 4elds GF(2ki) and a ring R1;
where R1 is isomorphic either to the ring Z4 or to the ring{[
a b
0 a
]
; a; b∈Z2
}
:
The group G is isomorphic to a direct product of Z2 and t¿ 0 cyclic groups of
orders 2ki − 1.
2. The ring R is isomorphic to the ring



b1 c
b2
·
bn

 ; c; bi ∈Z2


:
The group G is isomorphic to the group Z2.
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3. The ring R is isomorphic to the direct sum of the ring M2(Z2) and t¿ 0 4elds
GF(2ki) and the group G is isomorphic to the direct product of the symmetric
group S3 and t¿ 0 cyclic groups with 2ki − 1 elements.
Proof. Since 4 does not divide |G| and the Jacobson radical J has a power of 2
elements, the only possibilities are |J |=2 or J =0.
Examine the case |J |=2. The ring R=J has no proper matrix direct summands,
because the group of units of R=J does not have any subgroup of order 2. So, R=J is
isomorphic to a direct sum of s %elds and therefore we can %nd s primitive orthogonal
idempotents fi ∈R=J and lift them to s primitive orthogonal idempotents ei ∈R. For
i = j, every eiRej is a subset of J , so there can be at most one eiRej that is nonzero.
If eiRej is zero for every i = j, then the ring R is a direct sum of local rings eiRei,
because of primitivity of the idempotents ei. However, J has only two elements, so all
but one of those local rings are %elds. The only remaining ring R1 is a local ring with
Jacobson radical J1 of order 2. The order of J1 must be a power of the order of R1=J1,
so R1=J1 =Z2 and R1 is a local ring with 4 elements. Raghavendran has shown in [3]
that there are only two such rings, namely Z4 and the matrix ring R1 de%ned in our
theorem and R is really a direct sum of s − 1¿ 0 %elds and the ring R1. The group
G is then isomorphic to a direct product of group Z2 and s − 1¿ 0 cyclic groups
of orders 2ki − 1. And if eiRej =0 for exactly one i = j, then the ring R is clearly
isomorphic to the matrix ring de%ned in 2.
Assume now that J =0, so R is semisimple. Lemma 2.4 shows us that there can
be exactly one direct summand that is a proper matrix ring, namely M2(Z2), because
|G| is not divisible by 4. So R is isomorphic to the direct sum of ring M2(Z2) and
t¿ 0 %elds GF(2ki). Since the group GL2(Z2) is isomorphic to the symmetric group
S3, group G is isomorphic to the direct product of group S3 and t¿ 0 cyclic groups
with 2ki − 1 elements. This concludes the proof of our theorem.
Theorem 6.2. If q =2 then R is a local ring; R=J is a 4eld with qr elements; where
q ≡ 3(4) and r is odd. The group G is a product of group 1 + J and a cyclic group
H2 with qr − 1 elements.
Proof. As q is an odd prime, there can be only one direct summand in R=J according
to Lemma 2.4 and it has to be a %eld F =GF(qr). So, the ring R is local, |R|= qnr
and |J |= q(n−1)r for some number n. This implies that |G|= q(n−1)r(qr − 1) and note
that 4 does not divide qr − 1, that is qr ≡ 3(4), but then also q ≡ 3(4) with r odd.
There are subgroups H1 = 1+ J of order q(n−1)r and H2 of order (qr − 1) in G. Group
H2 is generated with an element g∈G, such that g+ J generates the cyclic group of a
%eld GF(qr). If the order of g is (qr−1)qs, we take gqs instead of g, so we really can
choose an element g of order qr−1 in G. Since H1∩H2 = {1}, we have G=(1+J )H2.
We can now join these theorems in the following corollary.
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Corollary 6.3. If |G|=2p11 p22 : : : pll for odd primes pi with pi =pj for i = j and G
is a group of units of a ring R then one of the following two statements holds:
1. The ring R is a direct sum of rings R1 and R2 and G is a direct product of groups
G1 and G2; where R1 and G1 are one of the rings and its group of units from
Theorems 6:1 and 6:2 and R2 and G2 are either trivial or are the ring and its
group of units from Theorem 3:1.
2. The ring R is a direct sum of rings R1 and R2 and G is a direct product of groups
G1 and G2; where R1 and G1 are one of the rings and its group of units from
Corollary 4:5 and R2 and G2 are the ring and its group of units from Theorem
3:1.
7. Some other groups
Let us %nally examine some more special cases of groups G, which are the groups
of units of a %nite ring R. If we take J , the Jacobson radical of R, we can easily verify
that 1 + J is a subgroup of G. We shall prove that in case G=1+ J , G is a 2-group
and we have already classi%ed these in Corollary 4.4.
Theorem 7.1. If G=1 + J then R is a 2-ring and G is a 2-group.
Proof. The equality G=1 + J implies, by Lemma 2:2, that the ring R=J has exactly
one unit. Since R=J is semisimple, we can conclude that R=J is a direct sum of %elds
Z2. If we write R as a direct sum of some p-rings Rp, we see that for every prime
number p, the ring Rp=Jp is a direct sum of %elds Z2, so the only possible p is p=2,
thus R is a 2-ring and the ideal J , and also the group G, has a power of 2 elements.
Thus, our theorem is proved.
We will now examine groups G of order 4(2k+1) for an integer k. We can assume
that R=Rq for a prime number q, since in general, G is a direct product of groups of
units of such rings.
Lemma 7.2. If |J |=2 and R=J is a direct sum of M2(Z2) and t¿ 0 4elds GF(2ki)
for some integers ki; then the ring R is isomorphic to one of the following rings:
1. R1 ⊕ R2; where R1 is a semilocal ring with 25 elements and R1=J1  M2(Z2) and
R2 is a direct sum of t¿ 0 4elds GF(2ki) for some integers ki.
2. R1 ⊕ R2; where R1 is a local 2-ring and R2 is a direct sum of M2(Z2) and t¿ 0
4elds GF(2ki) for some integers ki.
3. R1 ⊕ R2; where R1 is isomorphic to the ring{[
b1 c
b2
]
; bi ∈GF(2ki); c∈Z2
}
and R2 is a direct sum of M2(Z2) and t¿ 0 4elds GF(2ki) for some integers ki.
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Proof. We can %nd t + 1 orthogonal idempotents fi ∈R=J and lift them to t + 1
orthogonal idempotents ei ∈R, such that eiRej ⊆ J for every i = j. If J = eiJei, then
R is a direct sum of rings and exactly one direct summand is diMerent from the
direct summands of R=J . Thus, we get rings 1 and 2. We must now examine the case
J = eiRej for i = j. We claim that i¿ 1, if we denote e1Re1 =M2(Z2). Take x∈ e1Re1
a unit and denote J = {0; j}. Then xj= j, because xj=0 implies x−1xj= e1j= j=0,
which is a contradiction. We can write the identity matrix in M2(Z2) as a sum of
two units, which implies e1j= j= j+ j=0, a contradiction. We dismiss the case j=1
similarly. However, we can now permute idempotents ei, so we get J = e2Re3 and
R1 = e2Re2 + e3Re3 + e2Re3, which is exactly the matrix ring described above.
Theorem 7.3. Let G be the group of units of the q-ring R and let the order of G be
4(2k + 1) for an integer k. If q =2; then R=J is isomorphic either to M2(GF(qt));
where q ≡ 3(4) and t odd; to a direct sum GF(qt1 ) ⊕ GF(qt2 ); where q ≡ 3(4) and
t1; t2 odd; or to a 4eld GF(qt); where t is either even or t is odd and q ≡ 1(4). If
q=2; then one of the following statements holds:
1. The ring R is a direct sum of M2(GF(4)) and t¿ 0 4elds GF(2ki) for integers ki.
2. The ring R is one of the three rings from Lemma 7:2.
3. The ring R=J is a direct sum of 4elds and |J |=4.
Proof. Suppose q =2. By Lemmas 2:2 and 2:4, ring R=J can only have one proper
matrix direct summand and it has to be M2(GF(qt)), with qt − 1 ≡ 2(4), therefore
q ≡ 3(4) and t odd. If there are no matrix direct summands, it follows from the same
lemmas that we can have at least two %elds, both exactly like the ones described above.
If q=2, then |J | ∈ {0; 2; 4}. If J =0, ring R is semisimple and has M2(GF(4)) as a
direct summand, because |G|=4(2k + 1). If |J |=2, we can use the previous lemma,
since the group of units of the ring R=J has 2(2l+1) elements. And lastly, if |J |=4,
the ring R=J has group of units of odd order, so R=J is a direct sum of %elds.
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